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INTRODUCTION 
The detection and sizing of cracks during inspection of structures is typically achieved 
by ultrasonic techniques; both time-of-flight and scattered amplitude techniques are employed. 
However, when a component containing a fatigue grown crack is unloaded, a zone of reverse 
(compressive) plastic deformation forms near the crack tip and a certain part of the crack is 
"closed" (in contact) over an undetermined length. Thus the ultrasonic waves pass through the 
closed crack faces and one obtains an underestimate of the crack size which leads to a 
nonconservative reliability analysis. If, however, the region of plastically deformed material 
can be identified, it would be possible to determine a better estimate of the size of the crack. 
Towards this end, we first explore the effect of plastic deformation on the propagation speed of 
the ultrasonic waves. A general theory for the propagation of plane waves in an elastic-plastic 
body undergoing fmite plastic deformation was developed by Johnson [1]. However, very few 
experimental results are available in this area. Moreover, the available experimental results 
consider only some wave polarizations and some specific stress states (tension or 
compression). Furthermore, empirical correlations seem to be preferred over the theoretical 
models. Fisher [2] indicates that in 2024-T351 and 7075-T651 Al alloys, the acoustoelastic 
law, I1V = A V, is followed even beyond yield with the same constant of proportionality. Pao 
and Hirao [3] indicate that the change in the wave speeds 11 V can be decomposed into two 
parts: one due to the elastic stresses and the other due to plastic deformation; the former 
disappears on unloading while the latter remains. The dependence of the change in wave 
speeds 11 V on the plastic strain £P is shown to be linear for small strains «0.6%) in carbon 
steel (CI018), but bilinear in 6061-T6 and pure copper. The relative change in the wave speed 
11 V N is usually small: one part per thousand for a strain of a few parts per thousand. In the 
present paper, we examine the effect of plastic deformation on the propagation of ultrasonic 
plane waves and then exoplore the propagation in the plastically deformed region near a crack. 
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WAVE SPEED IN A PLASTICALLY DEFORMED MEDIUM 
Theoretical Formulation 
A general theory for the propagation of plane waves in an elasto-plastic body 
undergoing finite plastic defonnation was developed by Johnson [1]. He considered the 
constitutive law for the body as being given by the Helmholtz free energy function sllch that the 
second Piola-IGrchhof stress components can be written in terms of the strain as follows l : 
(1) 
where Eij are the components of the Langrangian strain tensor and VI the Helmhol tz free 
energy function depends on the total strain, the plastic part of the strain and the work-
hardening parameter /c. Johnson assumed a form of the free energy function sllch that when 
plastic deformation is eliminated, the equations reduce to the standard acoustoelastic equations. 
Thus, 
(2) 
Here, vii], vliJl1' VI~Jl1mn are functions of the plastic strains and the work-hardening parameter. 
The components of the second Piola-Kirchhof stress tensor are then determined as 
.. _ .. 11) 2,.12) (e) + 3 .. 13) (e) (C) 
(11) - Y'ij + Y'ijklEk/ Y'ijklmnEkl Emn' (3) 
Note that assuming a material behavior described above corresponds to the deformation theory 
of plasticity or nonlinear elastic theory in the sense that unloading occurs along the same path 
as loading. This limitation becomes important in problems where the material has been 
subjected to loading-unloading cycles in the plastic regime. 
The velocities of propagation of plane waves in the material described above can be 
deterrninedwith considerable algebraic effort. If the imposed plastic deformations are small, 
(typically we shall consider strains on the order of 0.004), then a linearization with respect to 
strains can be performed and this leads to simple expressions for the speeds of propagation of 
the different polarizations. Considering wave propagation along the direction2 x3' 
where 
Al = al + 3f3I + /h 
2(al + a2) 
A2 = 5( al + a2) + 3(f3I + f32 + f33} 
2(al + a2) 
A _ 2aI + /h 
3 - 2a2 
I Index notation is used; Latin subscripts have the range 1,2,3. 
(4) 
2 The fIrst subscript indicates the direction of propagation and the second subscript indicates the direction 
of particle motion or polarization. 
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_ 2( al + a2) + /.h + t/33 
~- 2a2 
2( al + 2a2) + /.h + 1/33 
As = 2 
2a2 
aI, a2, /31> /32 and /3J are functions of the elastic constants, the plastic strain and the work-
hardening parameter 1(. Under purely elastic defonnations (£~) = 0), these functions reduce to 
constants and are related to the second-order Lame constants A and ~ and the third-order 
Murnaghan constants 1, m and n as follows: 
In order to detennine the dependence of aI, a2, /31, /32 and /33 on the strains, experimental 
information must be used to detennine the variation of the Helmholtz free energy with plastic 
defonnation; alternatively, measurements of the wave speeds V3i at different amounts of 
plastic defonnation can be used to detennine them by fitting the measurements in a least square 
sense to Eqs.(4). Both of these approaches represent experimentally and computationally 
intensive efforts. Instead of detennining the functions ai, a2, /31, /32 and /33 in the plastic 
region, we calculate the constants in the elastic regime and assume that under small amounts of 
plastic defonnation, ai, a2, /31, /32 and /33 cannot vary rapidly. Before proceeding to the 
results of such an analysis, we now tum to a discussion of the fatigue crack problem. 
Experimental Results 
Pure bending experiments were perfonned using the four-poi nt-bending configuration 
in a mild steel specimen in order to examine the propagation of elastic plane waves in the 
plastically defonned medium. The bending experiment also enables the determination of the 
complete inelastic stress-strain behavior. At different levels of the bending moment, time-of-
flight measurements of the ultrasonic waves were made using the pulse-echo-overlap method. 
The AUSTRA automatic measuring system was used in these measurements, Hertzer et al [4]. 
All three polarizations of the waves were considered and the wave speed was measured along 
the depth of the beam from the region of compression to the region of tension. A 0.25" 
diameter transducer with a center frequency at 5 MHz was used in all these measurements. 
From the time-of-flight measurements, the change in velocity was detennined as a function of 
strain (up to 0.(04) for all polarizations. The effect of thickness changes on the calculation of 
wave speeds was eliminated by calculating the change in thickness theoretically. In the elastic 
regime, the wave speed determinations were used to estimate the second and third order elastic 
constants of the material. These are tabulated in Table 1. The mechanically measured modulus 
of elasticity was 204 GPa and compares well with the ultrasonically detennined value. 
Table 1. Ultrasonically detennined values of the elastic constants. 
A 
GPA 
113 
~ 
GPa 
80.9 
GPa 
-197 
m 
GPa 
n 
GPa 
-892 -1010 
E 
GPa 
208 
v 
0.29 
2085 
The variation of the wave speeds with the total strain is shown in Figures 1, 2 and 3 for 
all three polarizations. Also shown in these figures is the comparison with the predictions of 
Eqs.(4). Again, note that the Eqs.(4) were evaluated by assuming that al, a2, /3l, /32 and /33, 
determined from the elastic deformation, do not change appreciably during small amounts of 
plastic defonnation. From these results it can be observed that the shear wave polarized in the 
direction of the applied bending strain shows the maximum change in the velocity, similar to 
the elastic case; also, the experiments are in reasonably good agreement with the theory, 
particularly in the tensile region. For the other two polarizations, the changes in the wave 
speeds are smaller in magnitude; again in the tensile region, reasonable agreement is observed 
with the theoretical predictions. But in the compression region, a systematic deviation is 
observed. If we allow al, a2, /31, /32 and /33 to be functions of the plastic strains, then it 
would be possible to describe the experimental results completely with Eqs.(4), but then the 
above five parameters have to be determined as a function of strain; also, this functional 
dependence will be different in tension and in compression. We do not pursue this further here. 
We have not explored the effect of unloading on the changes in the wave speeds, 
whether they persist or disappear. Thompson et al [5] indicate that the changes in the wave 
speeds induced by plastic deformation are not recovered under unloading. This aspect is under 
further investigation. We now turn to the problem of detection of the plastic zone near a crack. 
PLASTIC WNE NEAR A FA TIGUE CRACK TIP 
Two steel specimens were prepared for three point bend loading with an initial notch 
corresponding to the ASTM E-399 standard for the determination of the fracture toughness of 
metallic specimens. The initial notch was about 0.1 of the total width of the specimen. A 
fatigue crack was extended in both the specimens to about half of the width of the specimen. A 
tension-tension cycling was used with Klmar. ~ 60 MPa {iii and Klmi. ~ 5 MPa {iii, resulting in a 
L1K ~ 55 MPa {iii. Since a programmable controller was not available to maintain a constant L1K, 
the loading was adjusted manually after measuring the crack extension. This results in a 
variation of L1K over the path of the crack extension, but care was taken to keep this variation to 
within -5%; since the fatigue loading was performed in a displacement controlled mode, L1K 
never exceeded 55 MPa {iii. After the fatigue crack extension was completed, one of the 
specimens was subjected to an overload to a stress intensity level of KI ~ 70 MPa {iii, resulting in 
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Figure 1. Change in the longitudinal wave speed V 33 with plastic strains. 
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Figure 2. Change in shear wave speed V 32 with plastic strains. 
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Figure 3. Change in shear wave speed V31 with plastic strains. 
a larger plastically deformed wne near the crack than that generated during the fatigue cracking. 
The size of the plastic wne was estimated by considering the linearly elastic stress field near a 
crack tip. Figure 4 shows the estimate of the size of the plastic wne when for a loading of 
K/ '" 60 MPa Ym, both under plane stress and plane strain. Also shown in this figure is the size of 
the ultrasonic detector used in the measurements of the time of flight. 
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Figure 4. Plastic zone near the fatigue crack. 
Ultrasonic Characterization of the Crack Tip Plastic Zone 
The plastic zone near the fatigue crack was examined using a longitudinal wave 
propagating in the specimen thickness direction. By scanning along a line normal to the crack, 
right at the crack tip, a trace was obtained of the variation of the shear wave speed (polarized in 
the direction nonnal to the crack surface) as a function of the distance from the crack tip. This 
signature is used in interpreting the plasic zone near the crack. The transverse deformation near 
the crack tip (due to Poisson's effect) resulted in an uneven surfaace which would introduce 
errors when calculating the speed of sound waves; it is also difficult to estimate this surface 
variation theoretically. Thus, in order to eliminate this error, the specimens were ground flat; 
the influence of this grinding process on the measurements is small since only a small layer 
(100 j.UIl) was removed on either side. Figure 5 shows the variation of the time-of-flight of the 
shear wave as a function of position along A-A, with polarization along A-A; the main feature 
that can be seen in this is the presence of three distinct maxima, one at crack tip and the other 
two symetrically located on either side of the crack. The latter two maxima coincide exactly 
with the location of the crack tip plastic zone. Note that the detector diameter is 6.35 mm and 
that measurements were made in steps of I mm increment, and therefore the error in locating 
the plastic zone might be as large as ± 1 mm. Thus, there appears to be a good correlation 
between the maxima in the time-of-flight curves and the location of the plastic zone boundary. 
This can also be estimated by considering the state of strain in the plastic zone and its 
surroundings. In the unloaded state, the exact strain field near the fatigue crack can only be 
determined by numerical simulation. However, one can obtain the qualitative behavior easily; at 
the boundary of the plastic zone formed during loading, there exists a compressive strain upon 
unloading. Also, yielding in compression occurs at about 1/10 to 1/4 of the plastic zone formed 
during loading. Using these ideas, the strain near the crack can be split into three categories or 
zones. In zone 1 outside the loading plastic zone, the defoffi1ations are elastic and 
compressive/tensile depending on the distance from the plastic zone boundary. In zone 2, the 
material was originally deformed plastically in tension and is currently in elastic compression. 
Finally, vary close to the crack tip in zone 3, the material was in tensile yielding during loading 
and is currently in compressive yielding. Thus the changes in the wave speed in these three 
regions can be interpreted using the results of acoustoelasticity in zone 1 and the results of the 
previous section in zones 2 and 3. A careful examination of the results in Figures 1, 2 and 3 
indicates that the times of flight shown in Figure 5 correlate well with the above qualitative 
argument. 
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Figure 5. Change in time-of-flight in the plastically defonned region near the crack tip. 
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